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1 Abstract

Given recent advances in Natural Language Processing, it is natural to wonder
whether we see similar scaling laws apply to denoising models. Namely, if we
expand the size of the model and increase the size of the training dataset, do
we expect the loss function of our model to drastically reduce. To explore this
question, we study linear denoising models using techniques like Continuous
Gaussian Min-Max Theorem and the Cavity Method. We also derive the optimal
linear estimators and explore the performance of other good estimators.

2 Introduction

Deep neural networks have achieved remarkable success in a variety of im-
age—processing tasks, including image sharpening, super-resolution, and denois-
ing. In particular, denoising methods have become foundational for modern
generative models, where denoising serves as the core mechanism for sampling
from complex image distributions [11, 2, 8]. A variety of architectures have been
explored for these tasks, most notably convolutional neural networks (CNNs)
[12] and Vision Transformer—based models [1]. Despite empirical progress, the-
oretical understanding of these models has lagged, and understanding of how
performance scales with model size, dataset size, and architectural choice re-
mains limited.

In contrast, Language Modeling has benefited from extensive study of scaling
laws, demonstrating substantial and predictable improvements with increases in
model capacity, dataset size, and training compute [4, 3]. State-of-the-art lan-
guage models now contain hundreds of billions of parameters, trained on trillions
of tokens, whereas high-performing image denoisers typically rely on datasets on
the order of 10*-10° images, several orders of magnitude smaller. This discrep-
ancy raises fundamental questions about the role of scaling in image denoising
and about whether similar scaling laws might apply.

In this work, we investigate these questions through theoretical and empirical
lenses. Our contributions:



e We apply tools from high-dimensional optimization, particularly the Con-
vex Gaussian Min—-Max Theorem (CGMT) [10, 9], to derive theoretical
scaling laws for image denoising under simplified but analytically tractable
models.

e Drawing on statistical physics, we use the cavity method and related ideas
from spin-glass theory [7, 6] to characterize the asymptotic behavior of
large denoising models.

e We empirically validate our theoretical predictions through controlled sim-
ulations, examining performance across varying model sizes, dataset sizes,
and noise regimes.

Our analysis reveals that, beyond a certain capacity threshold, scaling model
size yields diminishing or even negligible returns for denoising accuracy. These
findings suggest that architectural or algorithmic innovations may ultimately be
more impactful than brute-force scaling for this class of problems.

3 Problem Setup and Background
3.1 Problem

We consider the following denoising problem to analyze the accuracy of a reg-
ularized linear denoiser in the asymptotic limit. Starting with some d < n
dimensional subspace of R™ that the signal comes from, we parametrize this
space with an orthonormal basis U € R™*? and draw samples approximately
uniformly from the subspace, by taking z = Uec, where ¢ ~ N(0,1;). The ob-
served noisy measurement is y = x + z where z is Gaussian noise parametrized
by z ~ N(0,02%1,). Given samples {(z1,¥1),--., (zn,yn)}, we wish to train our
denoiser W € R™*"™ that minimizes the regularized sqaure loss:

N
* 3 1
W* = argmin (W), (W) = Nz [Wys — il 3 + MW %
i=1

where A is the regularization parameter. We measure the test error by
1 2
R(W) = ~E|[Wy - 2/}

and focus on the asymptotic limit where we maintain N/n — « and n/d — £.

3.2 Optimal Linear Estimator

We now derive the optimal linear estimator, ie the estimator that minimizes the
risk R(W) given that U is apriori known.
We write the minimization objective as:

(W) =E[|Wy—z|3+ W% =Ely "W Wy] - 2E[a" Wy] +E|Jz||3+A||W|[3



Letting the covariance matrices be ¥, = Elyy "] and ., = E[zy "] we get
I(W) = tr(WSy, W) = 2tr(WE,,)) + tr(Blzz "]) + A tr(WW ).
Removing the constant term tr(E[zzT]) we differentiate to get
Vwl(W) =2WE,, —2X,, +2\W
Setting the gradient to zero gives
W(Eyy + Al) = Egy.
Assuming ¥, + Al, is invertible, we get:
W = Sy (Byy + M)
Recalling that « = Uc with UTU = I; we have
Yoy =E[z(z+2)"=UU", %, =E[(z+2)(z+2)"]=UU" +0%I,

using the covariance matrices of ¢ and z. Notice that P = UU” is an orthogonal
projector onto span(U), since it has eigenvalue 1 on span(U) and 0 on span(U) .

Therefore,
W* = P(P+ (02 + \)1,) "

From the Woodbury formula, we get

_ 1 1 1
P+(c24+N)1,) " = P I,—P) — W*=—— (U’
(PHoZA ) TFoisal T oz n=P) [

which is an operator that projects onto the subspace of the signal with a shrink-

age factor of
1

Oé:l—&-ag—i—)\

For W* = aP, and since Px = x, the risk of this optimal linear estimator is
given by
Wy —x = (o« — 1)z + aPz

By the independence of x and z
E[[W*y — |3 = El[(a — 1)z + EllaPz||3.
Since E||z||2 = E||c||2 = d and E||Pz||% = tr(PE[z2"]) = 02d

! (024 N\)? +o0?
R W* =_F W* _ 2 _ -1 2 2 _2 _ z z



3.3 Approximations

Since U is not known apriori, [5] suggest using a Principal Component Analysis
on the given Y = [y1,...,yy] and estimating the subspace U as the d leading
singular vectors of the empirical covariance matrix YY7 € R"*". We write this
a U e Rv<d, Denoting the estimator Wpca by the same form as the derived
W* estimator, but using our empirical U, [5] has shown that as long as the
number of training examples N is large compared to d + no?, the risk of the
PCA estimator is close to the risk of the optimal estimator.

The authors in [5] also suggest training a neural network end to end by ap-
plying gradient descent to the empirical risk, regularizing using early-stopping.

4 Theory
4.1 Cavity Method

For a fixed index 4, define the leave one out objective

1
b (W) =+ 37 Wy — 3 + AW )
J#i
so that .
(W) =Ly (W) + NHW% — i3 (2)
Let
W) = arg H&i]ﬂf(i)(W), W* = arg mwi/nE(W), (3)

and write the cavity displacement as W* = W;) + AW;.
Since V4(W*) = 0, we have

1
0= Vlo(Wa +AW:) + S VI[(We) + AW:)y; — ailf3- (4)
We now Taylor expand the first term at W;:
VL (Wey + AWy) = VL (W) + Vi (W) [AWS] + o([AWG]) - (5)

Since W(;) is the minimizer of £(;y, V£ (W) = 0.
Next, expand the gradient:

1 2

NVH(W(i) + AW,y — 2|3 = N((W(i) + AWy — 24)y, (6)
= 2 T 4 AW T
= N(W(z)yz )y, + N(AWzyz)yz‘ (7)

Therefore,

2 2
V2ay (Wi [AWS] = == (Weiyyi — za)y| — N

N (AWiy:)y; (8)



We can also check that the Hessian is given by

2
V200 (W) [AW;] = v > AWyl +20AW; (9)
J#i
Next, notice that the 2 (AW;y;)y;" is of order 4 so can be ignored to give

N
the cavity equation:

1 1
(N Zygy; + )\In> AW; = *N(W(z')yi —x;)y;
JFi

-1
1 (1 .
= AW, = *N(W(i)yi — )y, (N ;yjyj + )\In>
YE)
Since the difference between W;) and W* is itself O(1/N), we may replace
W(i) by W

-1
1 . (1 T 1
AW; = 7N(W Yi — Ti)Y; <N Zyjyj + /\In> + O(N) (10)
J#i
Next, We define the leave-one-out residual vector h; and the empirical train-
ing residual vector r; as:

hi = Wiyyi — @i, ri = Wy — x;. (11)

In the asymptotic limit where N, n,d — oo, the test error R(W') concentrates
and can be expressed as the average of the squared leave-one-out residuals:

N
> lIhall3: (12)
i=1

In the large system limit, the resolvent matrix G';) can be replaced by the
full resolvent G = (% YY" + \I,,)~, giving

R(W) ~

IS

= (Weyys — ;) + AWy, (14)
1
= h; — N”(%—TG%)' (15)
he = (14 —yT Gy, (16)
i = T4 Nyi Yi | -

Letting v = limy_,00 + Tr(GX,), where 5, = E[yy "], we get that h; ~ (14+v)r;.
Therefore, letting Liyain = % S rlI?, we get

1Y N 1

RW) =~ S a+v)rlls = E(HV)2 (N > nll%) = aB(1+)” Lizain (W)
i=1 i=1

(17)



4.2 Convex Gaussian Min-Max Theorem

4.2.1 &y - hard problem
The training set is (xj,yj)j»v:l with
¢; ~N(0,13), z;~N(0,1I,), z;=Uc, y;=Ucj+oz;, o>0.
Assume U € R"*? is column orthogonal, i.e. UTU = I;. Write
C=let,...,en] ERPN Z=1[z,... 28] e RN X =UC, Y =UC+0oZ.

First rewrite the problem:

N
1
(W) = N > IWyi = aill3 + MW7
=1
1
= yIIWY - X5 + W%

I
M=

1
(NHWZ-Y X2+ )\||WZ-||§), Wi, X; are rows
1

.
Il

I
NE

1
(S IVay = X)) I3+ AW [3)
1

.
3 |l

1
(F 1YW = XT3+ AW I3).
1

-
Il

As we see, there are n independent minimization problem here, one for each W;.
Let W, be w and X, be z.
We have X = UC, so the i-th row of X is e, UC. Taking transpose,
r=X =(]UC)T =CTUe;.
Define
k:=U'"e; € R%

Then
r=0C"k.

Use the formula from class:

2 T 2
= max (2 - )
sl ueR},( u's — |lullz
Apply it with s =Y Tw — a:

1
& = min y max (QuT(YTw —z) — ||uH2) + Aw]|?

w u

2 1
= muin max NUT(YTIU —x) — NHUHQ + MJwl|?.



4.2.2 &g - easy problem
Because UTU = I4, col(U) is a d-dimensional subspace of R”. Decompose
w=Ua+b, a:=U"weR? bLcol(U),
such that U'Tw = a and ||w||3 = ||a|3 + ||b]|3. Using Y =UC + 0 Z,
Y'w—2=(UC+0Z) w—-C"k
=CTU"w—-k) +0cZ"w
=CT(a—k)+0Z"(Ua+b).

Focus on the second term for now. Let @ = [U U] € R™*™ be orthogonal,
where U is any orthonormal basis for the orthogonal complement of col(U).

Using the rotation trick, QT Z Lz
Write QT Z = [Z)  Zs]" with Z; € RN Z, € R=)*N independent and
iid N(0,1). Then Z'U = Z;". Then
ZT(Ua+b) 2 Z]a+ 7] b,

with Z1, Zs independent of each other and of C.
Define

A=CT eRVN*d  B.— ZFGRNXd, G = Z; GRNx(nfd)’

so that A, B, G have iid N(0, 1) entries and are mutually independent. Then
YTw—a:iA(a—k)—l—aBa—i—aGb: (A+oB)a+ ocGb — Ak.

Let M := A+ oB. Since (Age, M) is jointly Gaussian with Var(Age) = 1,
Var(My,) = 1+ 02, and Cov(Aks, Mge) = 1,50 p=1/(1+ 0?) and

1 o
A=pM++/1—pAy= M + Ag,
P pPAo 1102 Tro? 0

where Ag has iid N(0,1) entries and is independent of M. Set

1
1402

Note that xg ~ N(O0, ||k||3Ix) and is independent of M,G. Then

/
a = a

k, Ty = Aok

g

V1402

Since M has iid N(0,1+ o?) entries, write M = /1 + 02G; with Gy iid N(0,1)
and independent of G, xg, so, given k,

YTw—2z2 Md +0Gb— 0.

T _ i 2 / _ g
Y'w—2=+V1+02Gia" +cGb 7\/14—7%0, G1 LG L xg.



Note that

I%113 2

/Tk
(1+02)2 1402

lwll3 = 1Ua+b]13 = llall3 + [1b]15 = lla/lI3 + [1BlI5 +

Therefore

2 — 1
¢H g I;l/l}}l mgx NUT< 1 —+ O'ZGla/ + O'Gb — \/%IO) — N”U”%
R 2 e

T +o2Z " 1702

+A(llal13 + [1B3) + A

Now we will apply CGMT. Before that, we have to collect the matrices into
a single matrix with iid standard Gaussian entries. Let

G:=[G1 GleRN*" i:=[V1+02d ob|" €R",

so that u' GZ = u" (V1 + 02G1a' +0Gb) and ||z||2 = /(1 + o2)[|d’||3 + o2]|b]|2.
Then

2 L P 1
P S max G e —
k|| 2\
A NE + (bl + ARl Ay

(1+0%)?2 1402

The corresponding “easy” problem then is

2 1
@p =min max = (17llosTu+ ull2g7) - Tao - llul}

20
—u
V1+02N

113 22 7
k
(1+02)2+1+02a ’

+ (I3 + [1]13) + A

where s ~ N(0,Iy) and g ~ N(0, I,,) are independent of each other and of x.
Writing g = [g1  g2] with g1 € R%, go € R ¥ results in g' 2 = V1 + 02g{ @’ +
ogy b, and hence

2
®p =min max N (\/(1 +a2)|la||3 + 02Hb||§3Tu + Hu||2( 1+02g]d + ag;b)>

a’,b u

20 T 1 2 2 2
— —u 29 — —||ul|5 + A(||a’||5 + ||b]|5) + A
et o — s Il A+ 13)
Now we will reduce @ into a problem dependent on scalars rather than
vectors. Introduce

E L 2 e
(1+02)2 1402

¢:=a'llz>0, p=|bl2>0, t:=]ulz>0, r:=/(1+02)¢*+ 02>

Write w = tv with ||v|]2 = 1. In the ®g, the only terms that depend on v

are s'u and x] u:

T 20 T 2 1 g

TS IU = e U T = U (rs—ﬁx

N VI+ 2N )



Therefore,
2t o7 o 2t

ag
ax TS — ——=1T) = —||rs — ——=x0]|2-
a1 N ( Vit o? o) =l V1t o2 oll2

The only term that depends the direction of b is ||u|20g b. So,

.2
nin ~ lullzog;2 b= **Gllgzllzp
2

Two terms depend on the direction of a’: %|lul|2v/1+ 02¢{ a’ and 13_’;2 a' k.
Their sum is

2t 2\ T
14029/ d + k‘le( \/1+U2gl+1+2)a’.

N 1+
Hence
T
min V1+o2g + —— ) = — H V1402 + ——— H
Ha’\lz:q( an 1+ 2 YN g 1+02

Then the problem reduces to

2t o 2t
_ _ = _ 2
0= pin e s = sl ol TVIF P+
_ ﬁ _|_/\(q2 _|_p2) A\ ”ng
N (1+02)2

4.2.3 Limit of &g
What is the limit of this expression? Let

N
— = a, E—>ﬁ21.
n d

Note that J .
EI2=|U"el2~ - — —.
I3 =10Telf ~ & = 5

First note that rs — —z&—=xo ~ N(O, (r* + \/1‘_7_72”/4:”@1'1\[) Therefore,

o o? 1
1 2\ 42 2012 .
§||s — 02x0||2—>\/( +02)g® + o2p + e

Define the inner part

o? 1
1+o02p3

Vip.q) == (1+0°)¢ +d°p* +

Then

zoll2 = VNV (p,q).

|lrs —

o
V1402



We also have ||ga|la/v/n —d — 1. Given that 274 — ”(1;71/5) _ 17;/ﬁ, we
also have
1 1-1/8
%
Tloell ===
Now expand another term,
2 42(1 +0?) 4)\2 8tAV1 + o2
e Y Rt S T Tk
|5V P st = e s I oo
Resscale term by term using t = 7v/N:
4t2(1 + 0?) 472(1 4 0?) d 473 (1 +0?)
THQHE TI|91||§%472(1+02)N:T_
Next,
4) 4N
e 1] e mt—
(1+02)2H ||2 B(1+O’2)2

The cross term vanishes because of N in the denominator and no N,n,d-

dependence in the numerator. Therefore,

VAl
H N +02g +
Applying the scaling t = 7v/N to other terms, we get

2t o
—|lrs — ——=uwoll2 = 27V (p, q),
! Tt oll2 (p.q)

2\ 72(1 + 02?) A2
O’2kH2_>2\/ af +5(1+02)2'

2t 271V N 1-1
Nollgzllzp = TZ\(Gpllgzllz = 2mp”\g/2ﬁ2 — 270D - /5,

and

L
1+02)2  Bl+o2)2

Combining the limits, we have

A

)\2

1/ (14 0?)
bp — 2 ,q)—2
- i, mag 9V~ dropy - \/

2 2
+ A" +p )+m-

Define

= V(p,q) —op #

10

TR

1+ 02)2



and constants
1+ o? O A2

Bi==p B+ 022

Then the problem is

A
. 2, 2
oy %pzrg,ugzo{@%( Gp.qg(T) + AP+ ¢°) + ,3(14-02)2}7

where
Gp.q(T) =27A—2¢/B1?2 +C — 72,

The problem is convex and the optimal 7* satisfies

Br

0= ¢;7q(7) =2A—-271 — 2q7?7_2 —

Then the high-dimensional limit is

A
. . W* #\2 2, 2
Pp %p>r0r}1(111>0{27 A—=2q\/B(m*)2+C —(7)"+ Ap* +¢°) + 5(14—02)2}'

The validity of ® g is checked empirically against ® g, which was computed
through the known optimal formula W* = XY T (YYT + N)\In)flz

Phi_E and Phi_H at lambda=0.1, d=500 beta=2 Phi_E and Phi_H at lambda=0.01, d=500 beta=2
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o] © P 120 ] © PhiH
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050 075 1.00 125 150 175 2.00
alpha
Phi_E and Phi_H at lambda=0.001, d=500 beta=2

— PhiE
1201 e PhiH
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4.2.4 Phase transition at o« =1

The last image hints that there is a phase transition at « = 1. As A — 0,

A2 A
— 2
C= it 7% Fagery O VBTPHCo VBT

Then the problem becomes a quadratic, allowing for a simple expression of the
optimal value of 7, resulting in

o? 1-1/8 140292
: 1 2) 2 2,2 _ _ } .
52%[\/( ORI T T T Y s b

Write the linear term as an inner product

_ 2 _
ap\/l al/ﬁ+qw1;:; =[op V1+02g"] ! al/ﬂ %ﬁl

By Cauchy-Schwarz and (# + aiﬁ)l/2 =1/y/a,

_ 2
apy/ ! al/ﬂ +ay ! ;—; < %\/021?2 +(1+02)g?.

Equality is achieved with p,q > 0 when

V14 0o%q 1/v/B 1 o D

o V-1 VB-1 T Vit VBT

For this choice,

1
02p2+(1+02)qz:Uzpz(lJr 3_1> — o2p?

so the 2D minimum equals the 1D minimum

B
g1

. I} 1 o B 2
P20 [0\/ﬁ LAl Ty Ry | 1PL'

If o < 1, we can always pick large enough p so that the expression inside the
bracket is negative, forcing the minimum to be zero.
If @ > 1, the inside of the bracket is always positive. Let

B B 1 1 B
f(p>\/ﬁ—1p2+(1+02)/3¢5 F-1"

12



Setting the derivative to zero gives

B

A 1[5
VP + o Vel
Gy __ b
i+ ey A1)
g2 o, B 2 1
B-12" " aB-12" T all+e)(B-1)
g2 ya—1 1
B-12" "o T al+on(E-1)
(r)? = ]

(1+0?)8(a—1)

o) =] 2 B-1 1138 51
PN 10101 (+e9p Va\B-1\ T +e2)pa—1)
1

- ¢ (I+0%)Bla—1) \/ a(l+0)(a—1)

a—1
a(l +02)8

Therefore for o > 1,

2

. o 1
min oS 1) = a5 (1= )

This agrees with empirical findings, where the orange line was constructed
using the proposed asymptotic formula and the other parts are constructed like
in previous three graphs:
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Phi_E and Phi_H at lambda=0.001, d=500 beta=3
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4.3 Per-row test loss

First consider the case o > 1.
Define the test loss for any w € R™ by

Riest(w) == E[(wT(Uc +oz)— ch)Q].
Expanding and using E[(v"¢)?] = ||v]|? and E[(w ' 2)?] = ||w||? gives
Reese(w) = [|U T w — K[|3 + o*[|w]3.

Write C' = [c1,...,¢en] and Z = [21, ..., zn] for the training sample and recall
the training loss

1
Ry (w) := NHC’T(UTw —k)+oZ w3

Expandingg gives
1
Ry (w) — Reess(w) =(UTw — k)T (NCCT - Id) UTw - k)
1 1
P T _ T, T( = T
+ 0w (NZZ In)w+ 2% (U w — k) (NCZ )w.

Since %C’CT — Iy, %ZZT — I, and %C’ZT — 0, the right-hand side
vanishes for the trained ridge solution w. So Riest (W) =~ Ry (), and the leading
term is the same training objective already analyzed by CGMT; hence the &g
limit will to the test loss without in the limit.

For fixed o = 0.5, there seems to be no S-dependence for the error and the
actual test error seems to be well-described by the ﬁ(l — é) asymptotic
expression derived from CGMT, corresponding to the second descent in the

14



double descent discussed at the end of the paper. The color scale is fixed at the
same values for both heatmaps.

Empirical heat map of test Theoretical error as
error for lam=0.0001, sig=0.5 lambda -> 0 for sig=0.5

10 1 10 -
9 94
8- 8-
74 74
6 100 6 100
54 5
4 44
34 34
24 2 1

15 2.0 2.5 3.0 3.5 4.0 4.5 5.0 15 2.0 25 3.0 3.5 4.0 4.5 5.0
alpha alpha

beta
beta

However, for o < 1, there are regimes where S-dependence appears. More-
over, different levels of noise lead to different errors:

Empirical heat map of test Empirical heat map of test
error for lam=0.01, sig=0.05

error for lam=0.01, sig=0.5

beta

° o o o
I~ = S S
beta
o
MW s W e o w ® o O
=4 o o o4 o = =
) > 3 ® © o -

alpha alpha

Empirical heat map of test
error for lam=0.01, sig=2

6x 100

4x100

3x10°

beta

2x100

100

alpha

For the last regime, o0 = 2, noise dominates the data, which might be the

15



reason as to why it is S-independent. For the first two regimes, o = 0.05,0.5, an
extension of this section could be out the application of CGMT to describe the
behavior shown, which is more challenging since the value of A probably plays
a role there and therefore we cannot take the limit A — 0 here.

Another interesting empirical finding is the the dependence of the test error
on « and o:

Empirical heat map of test
error for lam=0.01, beta=2

It could be an interesting extensions to analyze the emergence of the bright
yellow and dark blue regions in the graph.

5 Further simulations

The figure below displays estimator performance and curves.
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Figure 1: Comparison of Gradient Descent and PCA estimators as a function
of a and .

In the gradient descent estimator loss, we notice a double descent and a
phase transition at &« = 1. When varying 5 we see a more chaotic loss. For the
PCA estimator, the graphs follow our intuition.

6 Future Directions

Next, we wish to study some nonlinearity in denoising. Specifically, instead of
a linear denoising model, a matrix, we want to both apply a matric and then
elementwise nonlinear function, such as ReLU. We believe that such a model
can also be studied using known techniques by expanding the nonlinear function
using the Hermite Polynomials.

7 Conclusion

In this work, we explored several high-dimensional characterizations of linear
denoising, including the phase transition at « = 1. In addition, the empirical

17



findings suggest non-trivial relationship of the test error to parameters «, 3, o,
suggesting that denoising performance depends on signal structure and noise,
without an obvious scaling law at this point.
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